January 3, 2019
In a very recent paper [2] Sidorenko stated the following problem:
Let G k be a graph whose vertices are functions f : Z k → Z k . A pair of vertices {f, g} forms an edge in G k if f − g is a bijection. Lemma 2 restates the fact that G k has no triangles when k is even. For odd k, the problem of counting triangles in G k has been solved asymptotically in [1] . Let p(k) be the smallest prime factor of k. The p(k) functions f 0 , f 1 , . . . , f p(k)−1 , where f i (j) := i · j mod k, form a complete subgraph in G k . It is very tempting to conjecture that p(k) is indeed the size of the largest clique in G k . We know that this is true for even k and for prime k. Computer search confirms that this is also true for k = 9.
It turns out that there is a counterexample for k = 15. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 0 9 3 2 13 11 10 12 4 6 8 14 7 5 1 0 12 4 11 10 9 5 2 6 14 7 3 13 1 8
It is found by computer search, we do not see any specific structure in it. More intensive computer search allowed to get the examples of four functions for k = 21 and k = 27. Two of four functions are again f 0 (x) = 0 and f 1 (x) = x, 0 x k − 1, (that may be always assumed a priori), and two other are, starting from the value at 0: Denote by ω(k) the size of the largest clique in G k . We have the following general
Proof. Consider arbitrary corresponding functions f 1 , . . . , f ω(n) , g 1 , . . . g ω(m) . For t from 1 to min(ω(n), ω(m)) put q t (im + j) := f t (i)m + g t (j). Suppose that q t1 − q t2 is not a bijection. Then for some different a, b we have
Modulo m we have g t1 (j) − g t2 (j) = g t1 (s) − g t2 (s) mod m, so j = s, because g t1 and g t2 were connected in G m . Dividing (1) by m we get
Hence i = r, and a = b, contradiction. So {q t } is a clique of size min(ω(n), ω(m)).
In particular, this gives a lower estimate ω(15 k1 21 k2 27 k3 n) 4 for any n coprime to 6 and integers k 1 , k 2 , k 3 0. We expect that ω(3n) 4 for any odd n > 3.
